We present efficient angle-dependent low-energy Hamiltonians to describe the properties of the twisted bilayer graphene (tBLG) heterostructure, based on ab initio calculations of mechanical relaxation and electronic structure. The angle-dependent relaxed atomic geometry is determined by continuum elasticity theory, which induces both in-plane and out-of-plane deformations in the stacked graphene layers. The electronic properties corresponding to the deformed geometry are derived from a Wannier transformation to local interactions obtained from Density Functional Theory calculations. With these ab initio tight-binding Hamiltonians of the relaxed heterostructure, the low-energy effective theories are derived from the projections near Dirac cones at K valleys. For twist angles ranging from 0.7
I. INTRODUCTION
The physical system consisting of two layers of graphene with a small relative twist between them, referred to as twisted bilayer graphene (tBLG), has emerged as a new platform for studying correlated phases of matter since the discovery of its Mott insulator 1 and the superconducting 2 behavior. The unconventional nature of both the insulating and superconducting phases has prompted further experimental [3] [4] [5] [6] [7] [8] [9] and theoretical efforts [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] to better understand the physics of tBLG and related van der Waals heterostructures. Unconventional correlated phases are also observed in the heterostructures that include trilayer graphene with nearly aligned hBN substrate 23, 24 and twisted double bilayer graphene [25] [26] [27] . The hypothesis is that a better understanding of the correlated many-body phases will emerge by exploring the many parameters available to tune the behavior of the stacked-layer hetersotstructures; these parameters include doping, external electric and magnetic fields, temperature and applied pressure 3 . The response of the system to changes in the parameters would serve to set constraints on theoretical models, much as was the case for the isotope effect 28 or the effect of external magnetic fields in understanding conventional superconductivity. In contrast to the conventional threedimensional crystalline solids, one unique adjustable parameter for tBLG and its relatives, is the twist angle between layers: by manipulating the corresponding moiré length scale through the twist angle, which can be controlled to exquisite precision, the characteristic kinetic and interaction energies can be varied without sacrificing the material quality, an effect referred to as "twistronics" 29 . As a consequence, the existence of the unconventional, correlated phases depends sensitively on twist angle variations [1] [2] [3] . The flat bands that emerge in the electronic spectrum at the "magic angle" (∼ 1
• for tBLG) are a characteristic feature of these systems that signals the emergence of strong electron interaction effects, as first pointed out by A. McDonald and coworkers 30 .
At the single-particle theory level, accurate theoretical modeling can capture the angle-dependent effects on the electronic structure and band topology [31] [32] [33] , and thus serves as a starting point for formulating minimal models of interacting theories [34] [35] [36] [37] . Such theoretical modeling should take into account both the mechanical relaxation and the electronic properties. In single-layer graphene, the structural deformation can affect the electronic structure by inducing pseudo-gauge fields coupled to the Dirac electrons [38] [39] [40] [41] . In the case of tBLG, the interaction between the two misaligned layers gives rise to a modulated structural pattern 42, 43 . The origin of the modulation is due to the varying local geometric configurations. Among these configurations, the Bernal stacking order as in the bulk graphite structure is most favorable energetically [43] [44] [45] . The relaxed tBLG crystal is hence determined by optimizing the stacking energy cost and elastic energy from layer deformation. Near the magic angle, the crystal relaxation can affect the electronic structure around the flat bands 42 . The single-particle gaps on both electron and hole sides of the flat bands can be accounted for by including crystal relaxation when compared with the experiments. When the twist angle is varied, the strength of atomic relaxation can be modified as well 42, 43 . It is therefore important to construct electronic models that capture these angle-dependent effects.
Given the relaxed crystal structure of a tBLG, one can model the electronic properties. A numerical scheme to model such van der Waals heterostructures has to be accurate enough to make numerical predictions that arXiv:1908.00058v1 [cond-mat.mes-hall] 31 Jul 2019
can be compared to experiment. Moreover, it should also give an intuitive physical picture that can facilitate the design of structures to enable electron correlations. The large number of atoms involved in the supercells of twisted bilayers has prevented straightforward numerical approaches. Numerical methods at different levels of sophistications from large scale density functional theory (DFT) calculations 46, 47 , empirical tightbinding Hamiltonians 42, [48] [49] [50] [51] to low-energy k · p continuum theories 30, [52] [53] [54] [55] have been employed. Among these approaches, the continuum k · p is computationally efficient and allows continuous twist angle control of the electronic band structure unconstrained by commensurate conditions 55, 56 ; the latter type of constraints are required for DFT and tight-binding calculations. Each approach has its strengths and weaknesses in terms of numerical accuracy and efficiency.
In our work, we adopt an ab initio multi-scale numerical approach to model a tBLG which takes fully into account crystal relaxation and the twist angle dependence. Briefly, this multi-scale numerical method is designed to combine the strengths of conventional approaches mentioned above. This framework allows us to extract the relevant mechanical and electronic properties at the microscopic length scale based on ab initio total-energy and electronic structure calculations. We thus obtain a computation scheme that allows for both a clear physical picture and efficient numerical implementation, discussed in detail in the main body of the paper. Through this approach, we are able to generalize the conventional continuum k·p theory 30 to capture all relevant band features of ab initio methods 57 . For example, one such feature is the pronounced particle-hole asymmetry in the tight-binding bands in tBLG, a theoretical prediction that remains an open question on the experiment side.
Another interesting aspect of the flat bands near the Fermi level is the topological properties of the manifold, related to the wavefunction texture in the full Brillouin Zone. In contrast with trivial atomic insulator bands which can be viewed as the Hilbert space from spatially localized orbitals, a non-trivial topological structure of the flat bands in a tBLG near the magic angle has implications on the construction of a finite n-band model near charge-neutrality 31, 32 . In other heterostructures, flat bands with non-trivial Chern numbers are predicted 58, 59 . The non-trivial topology in the manifold impacts the formation of exotic interacting phases. The accurate multi-scale modeling can provide a reliable numerical method to estimate the model parameters and investigate various perturbations and their effects on the topology of the flat bands.
The paper is structured as follows: In Sec. II, we describe the procedures in each step of the multiscale approach, from mechanical and electronic calculations with DFT and Wannier constructions, to abinitio tight-binding models and the derivations of effective low-energy k · p Hamiltonians based on the projection method. In Sec III, we further explore the numerical implications of our effective models which include the mechanical and electronic properties, and the scaling of coupling constants with respect to the twist angle. We conclude and summarize the discussions in Sec IV, and remark on potential applications and extensions.
II. RELAXED TBLG MECHANICAL AND ELECTRONIC STRUCTURE: A MULTI-SCALE APPROACH
A van der Waals heterostructure as exemplified in a tBLG is a complicated material system to study, with massive number of atoms involved at small twist angles. For a tBLG at around the magic angle, there are about 12,000 atoms in a twisted moiré supercell. Direct simulation of a complete heterostructure requires substantial computational resources and does not yield a clear physical picture in a straightforward manner. Here we take a different approach to van der Waals heterostructure system, by a multi-scale numerical scheme as outlined in Fig.  1 . This multi-scale numerical scheme is designed to combine the accuracy of DFT calculations and the transparent physical picture of efficient low-energy k·p continuum theories, connected by a simplified tight-binding Hamiltonian for a moiré supercell. Our studies begin with the mechanical and electronic modeling for the much smaller local systems sampled from the heterostructure supercell. The full physical picture of the entire heterostructure is obtained by "stitching" together this local information. The backbone of this approach, the microscopic atomic coupling and energetics, are provided by accurate DFT calculations through both the generalized stacking fault energy (GSFE), which describes the mechanical energy of the bilayer stacking [43] [44] [45] , and Wannier orbital coupling for the electronic properties 39, 60 . With the GSFE, one can determine the relaxed geometry of a tBLG within continuum elasticity theory 43 . The ab-initio tightbinding Hamiltonian can be constructed from the extracted Wannier couplings and applied to the relaxed geometry 60 . These ab-initio tight-binding Hamiltonians can be further simplified by projections onto the lowenergy degrees of freedom to derive the effective k · p Hamiltonians, which are efficient ways of describing the electronic structure. Further simplifications of the k · p Hamiltonians can be carried out by projecting the lowest n-bands near the charge neutrality 31, 57, 61 . Our method allows us to extract the relevant parameters based on well-defined assumptions and enables study of the twist angle dependence. In the following sections, we give more details for each step in this multi-scale numerical approach.
A. Mechanical Properties for Atomic Relaxation
We start by setting the conventions for a twisted bilayer graphene crystal, and describing the atomic relaxation effects. Two sheets of monolayer graphene (denoted as L1 and L2) are stacked together, with the L2 (L1) layer rotated counterclockwise (clockwise) by θ/2. This small mismatch of the crystal orientations from two sheets due to this twist angle induces a long-wavelength interference pattern in the local atomic registry, alternating between locally AA, AB and BA stacking orders. We define the origin at the center of a locally AA stacking spot, which coincides with a six-fold rotational symmetry axis at the center of a hexagon in the honeycomb structure. To simplify our discussion, here we focus on the commensurate moiré supercell, which is spanned by the supercell primitive vectors R i (i = 1, 2) and the associated supercell Brillouin zone with reciprocal lattice vectors G i (i = 1, 2) 46 . From the perspective of each individual layer, the relative twist of L1 and L2 also rotates the reciprocal lattice vectors from each layer. The differences of the reciprocal lattice vectors from each layer give rise to the supercell reciprocal lattice vectors (G i ).
Relaxed domains of locally AB/BA stacking are energetically favored in the twisted bilayer graphene crystal 43, 62 . As a result of minimizing the additional energy due to the twist, the AB/BA spots are enlarged and become uniform stacking regions; these are separated by domain boundaries. Regions of AA stacking spots are reduced in size with the domain boundaries between neighboring AB/BA regions connecting the neighboring AA stacking spots. As the twist angle θ decreases, the area of AB stacking regions increases, but the domain wall width remains unchanged. This domain structure is stabilized beyond a critical twist angle 42, 43, 62 . Another feature is the puckered out-of-plane crystal relaxations 46 . The vertical layer separation is shortest for the AB/BA stacking regions and largest for the AA regions.
To obtain the mechanical relaxation pattern of a twisted bilayer graphene, we adopted a continuum model in combination with the GSFE [43] [44] [45] . To describe the structural deformation, at an unrelaxed position r in a supercell, we define the corresponding in-plane component of the displacement vector U (i) (r) (i = 1, 2) and the out-of-plane component h (i) (r) = h (i) (r)ẑ after relaxation with layer index i. The undeformed position r before relaxation is then mapped as r → r + U (i) (r) + h (i) (r)ẑ. The total mechanical energy of the twisted system has two components, the intra-and inter-layer components. The intra-layer strain energy of a single layer sheet is described by a linear isotropic continuum approximation 42 :
where G and K are shear and bulk modulus of a monolayer graphene, which we take to be G = 9.0 eV/Å 2 , K = 13.2 eV/Å 2 . These values are obtained with DFT by isotropically straining and compressing the monolayer and performing a quadratic fitting of the ground-state energy as a function of the applied strain or shear.
The inter-layer energy is described by the GSFE [43] [44] [45] , denoted as V GSFE , which has been employed to explain relaxation in van der Waals heterostructures 43, 45 , and depends only on the relative stacking between two adjacent layers. We obtain the V GSFE by applying a 9 × 9 grid sampling of rigid shifts to L1 in the unit cell with respect to L2 and extract the relaxed ground state energy at each shift. The optimal inter-layer separation h(r) = |h (1) (r)−h (2) (r)| is also extracted for each shifted configuration. The GSFE at any position r can then be expressed as a Fourier sum:
where p i is defined as p i = n 1 G 1 + n 2 G 2 for n 1 , n 2 integers, and V pi is the corresponding Fourier coefficient found by fitting the ground state energy at each shift. In terms of the V GSFE , the inter-layer energy E inter can be then written as follows for a relaxed twisted bilayer:
where b(r) is the local stacking order at an atomic position r, which we can take to be the distance from the given atomic position r to the position of the nearest neighbor of the same sublattice type 63 . Note that the V GSFE is a function of the sum of the local stacking order and the displacement vectors to describe the inter-layer stacking energy after relaxation. The total energy is the sum of the inter-layer and the intra-layer energies:
where U (1) (r) = −U (2) (r) due to the mirror symmetry between L1 and L2 42 (i.e. a C 2 rotation in threedimensional space with an in-plane rotation axis). We then minimize the total energy as a function of the inplane displacement field U (i) (r) to obtain the optimal relaxation pattern. The relaxation pattern respects the three-fold rotation symmetry and mirror symmetry of the twisted bilayer, and the functional form can be Fourier expanded:
where symmetry requires U
p with R 6 the 2π/6 rotation matrix.
B. Ab-initio Tight-Binding Hamiltonian
Given a relaxed tBLG crystal with a commensurate supercell structure, the conventional Bloch theorem applies due to the presence of supercell translation symmetries. Modeling such a crystal with full DFT simulations at small twist angles is computationally demanding so we instead employ the ab initio tight-binding Hamiltonian method 39, 60 . In this model, atomic orbital couplings are short-ranged and determined by local geometry such as the atomic registry 60 , layer separation 64 , strain 39 and orientation in the heterostructure. Calculations of the much smaller aligned bilayer structure in DFT allow us to extract the relevant tight-binding parameters and their dependence on the local geometry 60, 64 . This is based on the Wannier transformation of DFT calculations. The large twisted supercell structure can then be parametrized by these ab initio tight-binding Hamiltonians. We have validated the method with the full DFT simulation of a tBLG at larger twist angles 60 . This approach has been applied to the rigid twisted bilayers and the tBLG under external pressure 64 . The scaling with pressure is consistent with the recent experiment of the tBLG in a pressure cell 3 . The resulting accurate ab initio tight-binding Hamiltonians are still rather complicated but can be expanded to derive the simpler low-energy effective theories in the next section.
C. Low-Energy Effective k.p Hamiltonians
To obtain insights on the electronic structure and simpler efficient computational models, we derive the continuum low-energy effective model based on the expansion of the ab-initio tight-binding Hamiltonians of a relaxed tBLG. We begin with a brief review of the symmetries of the crystal, the low-energy effective Hamiltonian for the unrelaxed twisted bilayer graphene 30 , and then the generalization to a relaxed crystal. This is followed by a numerical projection method to derive the effective models from ab initio tight-binding Hamiltonians, which is described in the following sections.
Conventions for a tBLG crystal and the symmetries. (a) In the real space, the twisted bilayer is generated by the rotation around the common hexagon center from an AA-stacking bilayer unit. The symmetries are defined with respect to this hexagon centers. M is a valley-preserving mirror symmetry which is a 180
• rotation with respect to an in-plane axis shown as dotted line. (b) The monolayer Brillouin zones from both layers, which are rotated from each other. The effective long-wavelength theories are expanded at either the K or K' valleys. (c) Illustration of the low-energy k · p effective model in momentum space: the filled (empty) circles are momentum states from L1 (L2). The inter-layer (intra-layer) couplings terms with momentum qi (pi) are represented by the red (blue) lines which connect the coupled momentum states.
Monolayer graphene features relativistic Dirac electrons at K, K' valleys in the Brillouin zone corners. The twist angle introduces a relative displacement of Dirac cones, which originates from the same valley of each individual layer. These two copies of the Dirac electrons are then coupled through the inter-layer interaction, which is spatially varying with the moiré pattern. The scat-tering between Dirac electrons from the opposite valleys (K and K') is negligible due to the much larger scattering momentum required compared to the characteristic momentum scale of the moiré pattern at small twist angle. Therefore, Dirac electrons from K and K' valleys are essentially decoupled in the single particle description. Such valley protection and degeneracy, or the emergent valley U v (1) symmetry 56 , allows for the construction of effective models involving only one single K valley type with the opposite valley related by time reversal. Each copy of the effective model involves low-energy states enclosed in one circle in Fig. 2 (b) 56 . In our convention, the origin (rotation center) is chosen to be the hexagon center of a locally AA-stacking spot with the symmetries shown in Fig. 2 (a) . Under these symmetries, the wavefunction
where φ = e i2π/3 (φ = e −i2π/3 ), R 3 rotates the vector r clockwise by 2π/3 and M flips the x coordinate of the vector r as in Fig. 2 (a) . The crystal relaxation retains these relevant symmetries.
Such an effective low-energy theory expanded around the K valley has already been derived for the unrelaxed case of tBLG 30, [52] [53] [54] . Since here we want to eventually include the electronic effects of relaxation, we augment this model to include additional terms that can capture these effects. With the gauge convention chosen such that the origin coincides with a locally AA-stacking spot, the augmented low-energy Hamiltonian takes the form:
where
is the Dirac Hamiltonian for each individual layer (i = 1, 2), andT (r) the inter-layer coupling matrix, which varies with the spatial moiré pattern. The Dirac Hamiltonian is given by:
with additional Pauli matrix rotation terms to account for the small twist angle. In the unrelaxed case, the terms A (i) (r), i = 1, 2 are set to zero, and the inter-layer couplingT (r) is simplified to:
where T αβ (r) specifies the coupling between various momentum states from the sublattice β of L1 to sublattice α of L2, α, β = A, B. In the above equations, the various symbols that appear have the following meaning: k ± = k x ± ik y , T 0 (r) = e iq1·r + e iq2·r + e iq3·r , T − (r) = e iq1·r + φe iq2·r +φe iq3·r , T + (r) = e iq1·r + φe iq2·r + φe
) and a G being the graphene lattice constant, as shown in Fig. 2 (c) . The inter-layer coupling strength is ω 0 ≈ 110 meV. The moiré supercell has reciprocal lattice vectors G 1 = q 1 − q 2 and G 2 = q 3 − q 2 . The Hamiltonian can be shown to preserve the symmetries above. One interesting observation is that the coupling T (r) is not periodic under moiré supercell translations 65 due to the field expansion gauge choice around the Dirac point of each individual layer. The two shifted Dirac cones are connected by q 1 as in Fig. 2 (b) and (c). We will re-examine this labeling of momentum states which would facilitate the projection from the full tight-binding Hamiltonian.
To determine the set of coupled momentum states, we first look for the momentum states in each layer that are folded onto the same supercell momentum label. With k i being the momentum measured from the K (i) valley, this requires
where G is a reciprocal lattice vector of the moiré supercell spanned by G i . The set of k i momentum states of each layer (filled and empty circles) that are folded to the supercell Γ point are shown in Fig. 2 (c) , which is a bipartite lattice in momentum space. In the absence of the deformation from lattice relaxation, the exact translation symmetry within each single layer eliminates the direct intra-layer coupling terms between momentum states. This leaves only the inter-layer coupling T (r) to be determined. The inter-layer coupling T (r) describes the coupling between states at momentum k 2 − k 1 = (K (1) − K (2) ) − G, which does not belong to moiré supercell reciprocal lattice vectors. In a rigid tBLG, the dominant contributions in T (r) can be derived from the orbital coupling in the microscopic tight-binding Hamiltonian 30 . The low-energy Hamiltonian can be viewed as a momentum lattice with only nearest neighbor couplings. The 2 × 2 coupling matrices to the three nearest neighbors direction q i are:
(10) A momentum cutoff is also imposed for the momentum lattice within the linear Dirac cone regime.
To generalize the above effective Hamiltonian for a twisted bilayer crystal with atomic relaxation within the plane (in-plane strain) as well as height variations (out-of-plane strain), we start with a deformed monolayer graphene with a strain field U (i) (r), which describes the displacement vector of the underlying constituent atoms, moving the atom to a new position r → r + U (i) (r) + h (i) (r)ẑ on the i-th layer. The in-plane strain is known to appear in the low-energy theory as the pseudo-gauge field with A (i) (r) a 2 × 2 matrix which couples with the Dirac Hamiltonian H (i)
The isotropic part of the strain (∂ x U (i)
y ) or the deformation potential contributes to the diagonal part of A (i) (r), while the off-diagonal elements are given by the coupling to (∂ x U (i)
x ) strain components dictated by symmetry. The spatially varying A (i) (r) matrix introduced by the atomic deformation induces coupling between different momentum states within the same single layer. The A (i) (r) matrix can be decomposed into Fourier components at moiré supercell reciprocal lattice vectors. Strain perturbations are also known to renormalize the local Fermi velocity of the Dirac electron and give anisotropic velocity corrections 38 . Here, we only retain the contributions in the form of the A (i) (r) matrix, which causes scatterings between the momentum states. For a twisted bilayer, the mirror symmetry will relate the A (i) (r) between the two layers.
Regarding the inter-layer coupling, the deformation field U (i) (r) + h (i) (r)ẑ from relaxation causes additional relative shifts in the local atomic registry, which modifies the T (r) coupling matrix. The height variations in the moiré supercell weaken the inter-layer coupling in the locally AA stacking region (due to its larger vertical separation) and enhance the coupling in the enlarged AB/BA domains. This causes the off-diagonal coupling constants inT (r) to be larger than the diagonal components. The dominant T 1 above with atomic relaxation becomes ω 0 σ 0 + ω 1 σ x with ω 0 < ω 1 . These corrections are relevant for the single-particle gaps above and below the flat bands near the magic angle. Furthermore, the domain line formation and the finer structure from the atomic relaxation enhances the scattering with higher momentum components. The dependence of the coupling parameters on the twist angle will be discussed later.
In short summary, the intra-layer deformation of each of the two layers introduces the non-zero scattering terms, A (i) (r), in Eq. (7). The Dirac electrons from the two layers are then coupled through the inter-layer T (r) term, which is also modified by the atomic relaxation. Later, we will include another correction term to the inter-layer coupling that involves momentum dependence of the scattered momentum states.
The effects of various coupling terms here can also be visualized from the momentum space representation of the Hamiltonian. For simplicity, we first focus on the supercell Γ point in momentum space. The relevant momentum states from both layers are represented by the circles in Fig. 2 (c) . The inter-layer coupling fromT (r) links the states from both layers, while the intra-layer A (i) (r) connects states reside within the same layer. We can expand these coupling terms into the Fourier momentum components
with the twelve q i (p i ) momentum vectors illustrated in Fig. 2 (c) . The p i vectors are the reciprocal lattice vectors of the moiré supercell, p i = n 1 G 1 + n 2 G 2 and the general q i vectors are (K (1) − K (2) ) − G . These correction terms introduce further neighbor couplings in the momentum lattice to the model as in Fig. 2 (c) .
We now discuss how the symmetries in the low-energy theory constrain the forms of the coupling terms. For the C 3 and C 2 T symmetries, which do not flip the layer indices, we let F (r) represent either of A (i) (r) orT (r) 2 × 2 matrices. These symmetries dictate
rotates r counterclockwise) with the Pauli matrices σ = (σ x , σ y , σ z ) acting on the sublattice degree of freedom. As for the M mirror symmetry that flips the layer, we can derive the following relations
and similarly for A (1) ↔ A (2) in the last equation. When these 2×2 matrices are decomposed into Fourier momentum components, these symmetry conditions yield the following equivalent constraints on the expanded matrix components:
In the original effective model 30 , only the first three q i 's (connections to the nearest neighbors) fromT qi are included. Even though these three q i 's are shown to be the dominant contribution in an unrelaxed twisted bilayer, relaxation would not only modify the matrix elements but also enhance the higher momentum components.
D. Low-Energy Expansion based on Ab-initio Tight-Binding Hamiltonian
Here, we summarize the procedure to extract these relevant matrix elements for both the pseudo-gauge field A (i) (r) and inter-layer couplingT (r) in the effective lowenergy theory, derived from an ab initio tight-binding Hamiltonian of relaxed twisted bilayer graphene.
(i) For a relaxed commensurate twisted bilayer with atomic relaxation, the supercell is spanned by the translation vectors R i . Two integers M and N are used to specify the twist angle 46 . The origin is chosen to be at the center of the hexagon as in Fig. 2 (a) . We adopt the series M = N + 1 commensurate supercells which have vanishing twist angles with increasing M and exactly one AA-stacking region in a supercell unit. For an unrelaxed twisted bilayer, these specify all the atomic positions r l in a supercell. The relaxation moves an atom to a new position by r l → r l + U (i) (r l ) + h (i) (r l )ẑ and modifies the coupling strength between atomic pairs. Given a supercell momentum k SC , we define the Bloch wave as
where N SC is the total number of supercells. Note that the original unrelaxed position r l + R is used in the definition even though the actual relaxed position is
The Hamiltonian H TBH (k SC ) in the supercell reciprocal space can be derived as:
(ii) The relevant states at low-energy are the Bloch waves near the K valley of both layers.
with i = 1, 2 being the layer index, α = A, B the sublattice index, and k (i) is the momentum measured relative to K (i) . These states are defined with the unrelaxed original positions and momentum labeling from graphene primitive unit cell translations. To be compatible with the translational symmetry of the above Hamiltonian H TBH (k SC ), the momentum states must be such that they can be folded to the supercell k SC point in momentum space. This yields the condition
with G being a supercell reciprocal lattice vector. Given a supercell momentum k SC , we can then construct a set of Bloch plane wave states for both layers to sample the low-energy sector of the Hamiltonian. The unrelaxed r l + R positions of atoms used in the Bloch phase factors ensure the orthogonality of the projection basis states, for a crystal with or without atomic relaxation. The state |Φ α (K (i) + k (i) ) in the tight-binding orbital picture is mapped to the plane wave state on i-th layer with momentum k (i) in the low-energy k · p expansion. We will use this picture to bridge the tight-binding and low-energy k · p pictures. αβ with momentum p j can be inferred from
with the momentum transfer q j and compatible momentum states. Numerically, the coupling matrix is obtained from the average of sampling k SC and k (i) momenta near the K valley that are scattered into new states. The reconstructed low-energy k · p Hamiltonian captures most essential features of the tight-binding electronic band structure as shown in Fig.  3 (c) . To further improve the particle-hole asymmetry of the bands, we identify the relevant terms to be added to the low-energy theory in the next section.
E. Momentum-Dependent Inter-layer Coupling
Experimentally, it is interesting to investigate whether the tBLG is particle-hole symmetric or not under electrical gating and the implications for the correlated insulating and superconducting phases. For the electronic structures, higher order terms in the Dirac Hamiltonian, Pauli matrix rotations, due to the twist angle 32 and electric potential from doping 66 are known to give rise to particle-hole asymmetric bands. In our model, we have included the Pauli matrix rotations but they are not adequate to fully capture the asymmetric bands in the tight-binding calculations as shows in Fig. 3 (c) . The projection method introduced above from the full tightbinding Hamiltonian enables us to systematically extract and identify various terms and approximations. In the above k · p low-energy Hamiltonian, the inter-layer couplings between |Φ (2)
β (K (1) + k) states are assumed to only depend on the momentum transfer q j . However, there is no protecting symmetry for this property and the coupling constants could generally depend on the momentum k as well. This dependence is explicitly seen in our numerical projection method. To elucidate these momentum-dependent correction terms, we focus here on the first three dominant q j contribu- tions, which gives the following form
where λ 2 ≈ 2λ 1 ≈ 0.18 eV·Å, λ 3 ≈ 0 around θ = 1
• and the anti-commutator form for non-commuting operators. We have added this leading momentum-dependent scattering terms in the inter-layer coupling,T (r) +T (r,k ± ), and they indeed can capture the particle-hole asymmetry as shown in Fig. 3 (d) . The projected low-energy bands are in good agreement with the full ab initio tight-binding electronic structure.
III. NUMERICAL RESULTS FOR ANGULAR DEPENDENCE
The effective models presented above are derived for twist angles in the range of 0.7
• to 4 • . A series of commensurate (M, N ) supercells with M = N + 1 are used to extract the model parameters in this range. For the general twist angles, the parameters can be obtained by interpolating the results of the commensurate cases. The numerical results are presented in their Fourier component version. There are two sets of crystal momenta involved in the expansions. The first is denoted as p i = n 1 G 1 + n 2 G 2 which can be expressed by the moiré supercell reciprocal lattice vectors G i . The other second can be written as q i as in Fig. 2 . The differences between q i vectors are reciprocal lattice vectors of the moiré supercell. Hence, any q i can be written as
The q i are the basis for the inter-layer coupling expansion, while the p i are for the intra-layer expansion (strain). Terms evaluated from momenta of identical magnitude tend to only differ by a complex phase dictated by symmetries. For this reason, we organize the p and q dependent terms by "shells" of equidistant momenta. For example, in Fig. 2 , there are three shells of q (in red) and two shells of p (in blue). In summarizing the strength of terms in the expansion, it is more convenient to compare the average magnitudes of different shells instead of the complex values of individual momenta, so we label these terms as T sj and A sj instead of T qi and A
(i) pi
We begin with the mechanical properties of the relaxed twisted bilayer graphene. The competition between the stacking energy and the strain energy will depend on the twist angle which determines the moiré length scale. The atomic structure will tend to reduce to the area of the unfavorable AA stacking, while increasing the area of the favorable Bernal stacking (AB and BA). The displacement field in Eq. (5) can be expanded into the Fourier components at momenta p i . A real-space image of the atomic relaxation is provided in Fig. 4 , along with the angledependent magnitudes of the representative p i from the first three shells. The atomic deformation induces a pseudo-gauge field coupled to the Dirac electrons in each layer. The pseudogauge can also be Fourier expanded at p i momenta, and then easily included in the k · p Hamiltonian. The crystal relaxation also modifies the inter-layer coupling. Both theT (r) and the momentum-dependent corrections T (r) are affected. The diagonal inter-layer coupling term (labeledT (AA) ) is generally smaller than the offdiagonal coupling (labeledT (AB) ), as the AA stacking has a larger inter-layer distance (and thus smaller electronic coupling) than the AB and BA regions. The AA coupling is further reduced at small angles by the reduction of the overall AA stacking area, while the AB coupling is increased. The dependence of all electronic terms on twist angle for the relaxed tBLG system is given in Fig. 5 .
Using the fitted k · p parameters, band structures can be calculated for tBLG systems at an arbitrary twist angle (Fig. 6 ). These band structures are essentially identical to those of the full tight-binding model (see Fig. 3d ). Our model predicts an inversion of the two low-energy bands at 0.98
• , but has nearly flat bands in a range of angles from 0.95
• to 1.05
• . For further analysis and discussion of the low-energy electronic structure and its angle-dependence we defer to a companion work, Ref. 57 . for the two nearest shells (sj) of couplings (blue lines in Fig.  2(c) .).
IV. CONCLUSION
In this work, we adopted a systematic multi-scale approach to the modeling of tBLG with an angle dependence and relaxation effects included. Starting with DFT calculations, the mechanical and electronic properties are extracted to model the relaxed geometry through ab-initio tight-binding Hamiltonians. We then simplify the models by low-energy k · p expansions to capture the essential electronic features of the derived ab initio tight-binding Hamiltonians 57 . Our approach provides an unified and coherent method to derive and simplify the modeling process while preserving the important physics, which paves the way for formulating interacting-electron theories (The model scripts are available at https://github.com/stcarr/kp_tblg).
There are also other factors that may affect the electronic structure of tBLG that are not included in our current modeling. Such factors are the hBN substrate effects on tBLG crystal relaxation and electronic cou- • , the upper and lower flat bands at the Γ point pass smoothly through one another due to opposite mirror symmetry eigenvalues 57 .
plings, screening effects from the substrate used 67 , electrical gating, and self-consistent electric potential from the electron doping 66 . Disorder and additional strain variations 68 across the samples introduced by the fabrication process might also complicate the interpretation of the observed behavior 5 . Our multi-scale method provides a framework for generalizing the models to include corrections or to estimate the energy scale for such perturbations.
Our multi-scale numerical framework can be easily extended to other van der Waals heterostructures such as a few-layer graphene stacks 58, 69 , and transition metal dichalcogenides stacks 59, 70 . The effect of mechanical relaxation can also be included in modeling the band structure of twisted trilayer graphene stacks 71 . Following the scheme of Fig. 1 , one can derive models at various levels of approximation and scaling of the parameters in conjunction with the relevant symmetry analysis. Further experimental probes to the electronic and mechanical properties can also be used to refine the numerical models. This will close the design loop in predicting the properties of van der Waals heterostructures, towards establishing these systems as a new platform for exploring the physics of correlated electrons.
